Abstract: It was recently demonstrated that the well-known Snell's law must be corrected for phase gradient metasurfaces to account for their spatially varying phase, leading to normal and anomalous transmission and reflection of light on such metasurfaces. Here we show that the efficiency of normal and anomalous transmission and reflection of light can be controlled by the intensity or phase of a second coherent wave. The phenomenon is illustrated using gradient metasurfaces based on V-shaped and rectangular apertures in a metal film. This coherent control effect can be exploited for wave front shaping and signal routing. 
Introduction
When light is incident on a metasurface with a gradient phase change along the surface, reflection and refraction follow a generalized form of Snell's law and the phase change imposed by interaction with meta-molecules allows anomalous reflection and refraction [1] [2] [3] [4] [5] . Recently, substantial efforts have been devoted to the exploration of gradient metasurfaces, leading to the demonstration of wave-front shaping [6, 7] , the photonic spin Hall effect [8, 9] , an optical vortex plate [10] , broadband optical retardation [11] , a propagating-to-surface-wave converter [12] , flat lenses and mirrors [13] [14] [15] , superoscillatory focusing [16] and optical holograms [17] [18] [19] [20] . It was also recently shown that absorption [21] [22] [23] [24] , and polarization effects due to anisotropy and chirality [25] , in a thin metasurface can be controlled by a second wave incident on the same surface. In this paper we demonstrate that reflection and refraction effects on phase gradient metasurfaces can be coherently controlled by a second wave.
We investigate two gradient metasurfaces constructed from an array of either V-shaped apertures or rectangular slits in a freestanding gold film of substantially subwavelength thickness. The V-shaped metasurface produces a cross-polarized anomalous transmitted beam while the slit metasurface produces a co-polarized one. Both normal and anomalous outgoing beams can be coherently controlled for both metasurface designs. The gradient metasurfaces are ultrathin freestanding gold nanostructures with varying geometries within a super cell, which can be practically fabricated from a gold-coated Si 3 N 4 membrane using focused-ion-beam milling and reactive ion etching.
V-shaped antenna metasurface
Our first candidate metasurface for coherent control is the commonly used V-shaped antenna metasurface [2, 3, 8, 10, 11, 14, 17, 18] . This metasurface supports both anomalous and normal reflected/transmitted beams and the anomalous reflected and refracted beams possess linear polarization perpendicular to both the incident excitation and the normal beams allowing for easy discrimination [2] . The unit cell comprises eight V-shaped slot antennas with a periodicity of d x in the x direction and d y in the y direction. The structure is cut from an ultrathin gold film with a thickness of t = 50nm ( Fig. 1(a) ), generating a gradient phase shift dφ along the x direction. The structural details of the V-shaped slot antennas are shown in the inset of Fig. 1(a) . Here, d x = 8d = 1600nm and d y = d = 200nm. The slot arms have variable lengths l and a fixed width w = 40nm. The V-shaped slot antennas have variable azimuthal angles β and opening angles γ. The parameters of each antenna in the super cell are shown in Table 1 . For an x-polarized single beam normally incident along the z direction, this gradient metasurface has co-polarized normal transmitted/reflected beams and cross-polarized anomalous refracted/reflected beams. The normal x-polarized beams propagate along the z direction, as expected. The directions of anomalous y-polarized refracted and reflected beams are governed by the generalized Snell's law as follows [2] ,
Where θ i , θ t and θ r are the angles of incidence, transmission and reflection respectively and λ is the wavelength. Here we assume that transmission and reflection are into free space, so the refractive indices are n t = n i = 1. Based on full-wave simulations using a full threedimensional Maxwell finite element method solver [26] , the total transmitted, reflected and absorbed intensities are shown in Fig. 1(b) , where the permittivity of gold was described by the Drude-Lorentz model [27] . The total transmission (reflection) includes the output intensities of both the anomalous and normal transmitted (reflected) beams. The V-shaped slot metasurface exhibits broadband anomalous refraction as well as anomalous reflection. The anomalous refracted and transmitted beams are emitted by the metasurface and as a scattering interface of essentially zero thickness radiates the same scattered field in the forward and backward directions, both anomalous beams have the same intensity and angle of refraction and reflection. While our discussion mainly focuses on transmitted beams, our findings on anomalous refraction will equally apply to anomalous reflection. At a wavelength of 635 nm, the output intensities T yx and T xx of the anomalous and normal transmitted beams are about 12% and 14% while the absorption is about 20%. The scattered E y field amplitude and phase maps of the gradient metasurface at 635 nm are shown in Fig Next we investigate how this gradient metasurface response is affected by an additional control beam of the same polarization as, and coherent with, the incident signal beam (see Fig. 2 ). The two beams have a relative phase difference α. The coherent counter-propagating beams form a standing wave interference pattern and the scattering from the metasurface is determined by the position of the surface in this standing wave. In the limiting cases, a gradient metasurface of substantially subwavelength thickness can be placed either at an electric anti-node or node, leading to enhanced or vanishing electric excitation, and therefore scattering, respectively. Both signal and control output intensities S 1 and S 2 consist of contributions from the anomalous and normal output beams. S = S 1 + S 2 is the total output intensity, while A = 2 -S is absorption. The input intensities of the signal and control beams are defined as 100% each and thus the total output intensity is 200% in the case of zero absorption. Figure 3(a) shows that the intensities of the output beams and the total absorption depend strongly on the phase difference between the control and signal beams. As the phase difference α increases from 0° to 180°, absorption A in the 50nm-thick gradient metasurface decreases from 78% to 2.8% while the corresponding total output intensity S increases from 122% to 197.2%. The signal output intensity S 1 is used to illustrate how the anomalous and normal beams are coherently controlled (S 1 = S yx + S xx ). In Fig. 3(b) we see that for in-phase excitation (α = 0°) of the metasurface, this is when the metasurface is placed at an electric anti-node of the standing wave formed by the incident beams, the electric excitation field doubles, leading to an increase of the anomalous output beam intensity. In comparison to T yx = 12% for single beam excitation, the total anomalous beam output in the coherent control case increases fourfold to 48%. For anti-phase excitation (α = 180°), this is when the metasurface is placed at an electric node of the standing wave and its interaction with the standing wave is negligible, the anomalous output beam intensity S yx decreases to zero and the normal output beam intensity S xx is nearly 100%. This near-perfect plasmonic transparency is achieved because the gradient metasurface is simply not excited when α = 180°. The anomalous and normal output beam intensities show a sinusoidal dependence on the phase difference α shown in Fig. 3(b) . In order to visualize the amplitude and propagation direction of the anomalous beams, Fig. 3(c) presents the simulated scattered E y field patterns of the gradient metasurface for α = 0°, 90°, 180° and 270°. All color maps of the electric fields are plotted on the same scale as Fig. 1(c) . Both anomalous reflected and refracted beams vanish in the case of α = 180° when the gradient metasurface is located at an electric node of the standing wave. In contrast to the intensity, the propagation direction of the anomalous beams is insensitive to the phase difference α between the control and signal beams and the refracted/reflected angles of the anomalous beams are always about 23°. This is because the coherent control process controls the overall level of scattering from the structure but does not change the phase gradient imposed by the metasurface, which is determined solely by the metasurface design. This allows simple modulation of the output beam intensities through phase control without distorting or redirecting the individual beams. Although we use a fixed wavelength of 635nm, this coherent control technique can be applied over a broad range of wavelengths [25] and promises many applications such as wave front shaping and signal routing.
Slot antenna metasurface
Next, we discuss another important gradient metasurface which generates an anomalous beam with the same polarization as the incident beam [4, 15] . The negative metasurface is also cut from an ultrathin gold film with a thickness of tt = 50nm. The unit cell comprises ten rectangular slot antennas with a periodicity of a x in the x direction and a y in the y direction (Fig. 4(a) ), generating a gradient phase shift dφ along the x direction. A schematic of a rectangular slot antenna is given in the inset of Fig. 4(a) . Here, a x = 10p x = 1200nm and a y = p y = 300nm. The rectangular slits have variable lengths ll and a fixed width ww = 50nm. ll = 40, 40, 106, 106, 128, 128, 150, 150, 260 and 260 nm, respectively. This type of metasurface is known not to display polarization conversion [4] . For x-polarized single beam excitation along the z direction, this gradient metasurface has x-polarized normal and anomalous transmitted beams. The normal transmitted beam propagates along the z direction while the direction of the anomalous x-polarized refracted beam is governed by the generalized Snell's law.
The simulated total intensities of transmission, reflection and absorption are shown in Fig. 4(b) . The total transmission includes the output intensities of the anomalous and normal transmitted beams. The rectangular slot metasurface exhibits broadband anomalous refraction as well as anomalous reflection. In contrast to the V-shaped antenna case, the normal and anomalous beams have the same polarization. Simulated amplitude and phase maps of the total transmitted field E x at λ = 635 nm for normally incident x-polarized excitation are shown in Fig. 4(c) and the corresponding lateral phase change of the transmitted field along the dotted line is shown in Fig. 4(d) . Obviously the output field E x is not a single plane wave, since the normally propagating beam and the deflected anomalous beam have the same polarization and so both contribute to the total transmitted field E x . Generally, it is difficult to tell the anomalous beam from the electric field distribution. We next examine how the gradient metasurface with rectangular slot antennas is affected by an additional coherent control beam of the same polarization as the incident signal beam (similar to the scheme in Fig. 2 ). When the phase difference α between the control and signal beams varies, the standing wave pattern moves with respect to the gradient metasurface and we thus achieve enhanced or vanishing electric excitation of the rectangular slot antennas. Figure 5(a) shows that the intensity of the signal output beam, control output beam and absorption are efficiently modulated by the control beam, similar to the gradient metasurface with V-shaped slot antennas. The total absorption A of the rectangular slot metasurface decreases from 95.1% to 2.7% and the corresponding total output intensity increases from 104.9% to 197.3% as the phase difference α increases from 0° to 180°. As above, the signal intensity S 1 is used to investigate coherent control of the anomalous and normal beams (S 1 = S ano + S nor ), see Fig. 5(b) . At a wavelength of λ = 635nm for single beam illumination, the intensities S ano and S nor are 8.4% and 23%, while the absorption is 24.5%. As expected, for in-phase electrical excitation (α = 0°) of the metasurface, the total anomalous output beam intensity increases approximately fourfold compared with single beam excitation. On the other hand, for anti-phase excitation (α = 180°), the anomalous output beam intensity S ano decreases to zero and the normal output beam intensity S nor is nearly 100%. Figure 5(c) presents the total signal output field patterns x E of the gradient metasurface for α = 0°, 90°, 180° and 270°. It is clearly seen that the wave front of the output beam changes with the phase difference α and the output is not a plane wave except for α = 180°. When α = 180°, the signal output beam is a perfect plane wave due to the vanishing anomalous beam, consistent with Fig. 5(b) . However, we cannot easily characterize the direction of the anomalous beam from this metasurface since its polarization is identical to that of the normal beam. By taking the Fourier transform of the output electric field, we calculate the far field pattern and find the directions and intensities of the normal and anomalous beams as illustrated in Fig. 5(d) , which has been normalized by the far field peak intensity of the signal beam in absence of the metasurface. The refraction angles of the normal and anomalous beams are 0° and −32°, respectively. The predicted peak values of the far field intensity of the anomalous and normal beams are in good agreement with the FEM simulations shown in Fig. 5(b) . As seen above, when the phase difference α varies, the output intensities of both the normal and anomalous beams are modulated, but the refraction angles remain unchanged. Therefore, this fundamental characteristic of preserving refracted directions is identical to the gradient metasurface with V-shaped slot antennas regardless of the phase gradient design and the polarization of the anomalous output beam. Interestingly, there is an alternative way to determine the propagation direction of the anomalous beam. Both the output intensities of the normal and anomalous beams have a sinusoidal dependence on the phase difference. At a phase difference of α = 320°, the normal beam intensity S nor is suppressed to zero, here the normal beam contributions from the signal and control inputs cancel each other. Figure 6 presents amplitude and phase of the signal output field E x for the gradient metasurface at α = 320°. In absence of the field of the normal beam, it can be clearly seen that the anomalous beam is approximately a plane wave with a refraction angle of −32°, exactly consistent with the far field calculation in Fig. 5(d) . This simulated result also agrees well with the theoretical prediction based on the generalized Snell's law, θ t = sin
(−635/1200) = −31.95°. Thus, coherent control can be used to select the anomalous beam from the total signal output. 
Conclusions
In summary, we have demonstrated that excitation of ultrathin metasurfaces can be controlled using the relative phase of two coherent input beams, for two phase gradient metasurfaces with very different scattering behaviours. We have shown for the first time, that normal and anomalous beams following the generalized Snell's law can be coherently controlled, strongly modulated and separately switched on/off by changing the phase difference between two counterpropagating coherent control and signal input beams. In the coherent control regime, the propagation directions of both the normal and anomalous output beams remain unaltered while the amount of energy in each output beam has a sinusoidal dependence on the phase difference between the input beams. In particular, coherent control can determine how energy is distributed between normal and anomalous output beams with the same or opposite polarizations. Coherently controlled metasurfaces promise many new applications including signal routing, wavefront shaping and scattered field manipulation.
